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300EKT EOHMOBA B MOflEJIH OPPLIIPHXCA 
K). X. 3niKa6HjiOB 

AHHOTaiJHil 

HsyneHbi flHCKpeTHbifi cneKTp h scpcpeKT EcpiiMOBa b MO^ejin cppiiflpiixca. Ilpii- 
BefleHbi Ho6xo,i];HME.ie h ^ocTaTOHHtie ycjiOBira cymeerBOBaHira scpcpeKTa EcpiiMOBa b 
MO^ejiH OpHflpnxca. IfeyHeH TaKHce fliiCKpeTHbifi cneKTp oflHoro MOflejitHoro Tpex- 
© : ™ HO ro fl ncK P e T Horo onepa TO pa IHpe.HHrepa. 

\ KjiWHeeue CAoea: MO,a,ejib <J>pn,a,pnxca, cneKTp, cymecTBeHHbiii cneKTp, flHCKperabin 

, Q ; cneKTp, 3(p(peKT EcpHMOBa. 
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IlycTb u(x)-Beiu,ecTBeHH03HanHaa HenpepbiBHan cpyHKHrm Ha [a, 6], fT-KOMnaKTHbiii 
HHTerpajibHbin onepaTop b rnjib6epTOBOM npocTpaHCTBe L 2 [a, 6]. Pn,n BonpocoB KBaHTO- 
boh MexaHHKH h CTaTHCTHnecKOH cpH3HKH (cm. [1-3]) npHBO^HT k Hccjie^OBaHHio cneKTpa 
onepaTOpa H b rnjib6epTOBOM npocTpaHCTBe L 2 [a,6], fleiicTByiomero no cpopiviyjie 

H = U -K, (1) 



r,n,e U - onepaTop yMHOKeHnn Ha cpyHKnnio u(x), to ecTb Uf(x) = u(x)f(x), f G L 2 [a, b). 
■ H3 KJiaccnnecKon TeopeMbi Befljia o KOMnaKTHOM B03MyineHnn, cjie^yeT hto cyme- 

CTBeHHbifi cneKTp cr e (H) onepaTOpa H coctoht h3 MHoacecTBa 3HaneHnn (pyHKnnn u(x), 
Q\ '■ T.e. a e (H) = [u min ,u max ], r^e u min = inf u(x), w max = sup u(x). 

£T) ' xe \- a < fc l xe[a, b] 

BnepBbie onepaTop Bn^a (1) 6biji paccMOTpeH K. O. Opn^pnxcoM [4] b KanecTBe 
npocTon MO^ejin Teopnn B03MyineHnn cymecTBeHHoro cneKTpa. npon3BOJibHbin onepaTop 
BHfla (1) Ha3biBaeTca onepaTopoM b MO^ejin Opnflpnxca. 

B pa6oTax JT. J\. OaflfleeBa [1] n O. A. ilaflbiaceHCKon, JT. J\. OaflfleeBa [5] noKa3aHO 
hto, b cjiynae u(x) = x, ecjin a,npo HHTerpajibHoro onepaTOpa K— rejib^epoBCKoe fl^po 
c noKa3aTejieM fi > |, to onepaTop U — K BHe cymecTBeHHoro cneKTpa HMeeT KOHenHoe 
hhcjio co6cTBeHHbix 3HaneHnn KOHenHoii KpaTHOCTH. 

,ZIajiee, onepaTop b MO^ejin (ppn^pnxca H3yneH b pa6oTax [6-9]. ElycTb u(x)~ 
BemecTBeHHO-aHajiHTHnecKaa cpyKHnna b HeKOTopon KOMnjieKCHoii OKpecTHOCTH OTpe3- 
Ka [a, b] n n^po onepaTOpa K— cnMMeTpHHHan n aHajinTnnecKaa cpyHKnna b HeKOTopoii 
OKpecTHOCTH KBa,npaTa [a, b] 2 . JJ£>k&3&ho [6-9], hto ecjin hhcjio KpnTnnecKnx ToneK cpyHK- 
nnn u(x), T.e. Tex ToneK b kotopbix u (x) = KOHenHO n KajK^an H3 hhx HeBbipojK^eHHaa, 
to flncKpeTHbin cneKTp onepaTOpa H KOHeneH. 

Bonpoc o SecKOHenHOCTH nncjia coScTBeHHbix 3HaneHHH b MO^ejin (1), jiejKamnx 
BHe cym,ecTBeHHoro cneKTpa aBjiaeTca Majio H3yneHHbiM , xoth c MaTeMaTnnecKon tohkh 
3peHHH b 3toh Mo^ejiH MoxHO o>KH^,aTb nBjieHHe scpcpeKTa E(pHMOBa. 

B HacTonmen 3aMeTKe paccMaTpnBaeTca Bonpoc o cymecTBOBaHnn SecKOHenHoro 
HHCJia co6cTBeHHbix 3HaneHHH b MO^ejin (Ppn^pnxca. Han^eHbi Heo6xoflHMbie n ^ocTa- 
TonHbie ycjiOBna SecKOHenHOCTH ^ncKpeTHoro cneKTpa b MO^ejin Opnflpnxca n KaK cjie^- 
CTBne nojiyneHHoro pe3yjibTaTa flOKa3aHa Teopeivia o ^ncKpeTHOM cneKTpe "TpexnacTnn- 
Horo"flHCKpeTHoro onepaTOpa. 
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2. HeKOToptie o6o3HaHeHHH h Heo6xo^HMBie CBefleHHa 

IlycTb 'K - rnjibSepTOBO npocTpaHCTBO, A : % — > "K - jiHHeHHbin orpaHHHeHHbiii 
caMOConpa>KeHHbra onepaTop. Hepe3 cr(A), a e (A) h Ud(A) oSoaHa^HM, cootbgtctbghho, 
cneKTp, cymecTBeHHbiH cneKTp h ^HCKpeTHbiii cneKTp onepaTopa A [10]. Onpe^ejiHM 
Bein,ecTBeHHoe hhcjio 

Smin = S'min^) = ^ (Ax,x) H 5 max = S , max (^) = Slip (Ac, x) 

IWI =1 ||ir||=i 

Tor^a a (A) C [Smm, S max ], npn stom SUn, G cr(A). 
BBe^eM TaKJKe cjie^yioiii;He o6o3HaHeHHa 

£min = £min(^4) = inf {A : A G <T e (A)}, 
£max = £max(^) = SUp{A : A G <T e (A)}. 

Hhcjio £ m i n G cr{A) (£ max G o~(A)) 6yi],eM Ha3biBaTb hhxhhm KpaeM (BepxHHM 
Kpaeivi) cymecTBeHHoro cneKTpa onepaTopa A. HanpiiMep, ^Jia KOMnaKTHoro caMOConpa- 
jKeHHoro onepaTopa K : 'K — > 0~C HMeeM <J e (K) = {0} h OTCiofla £ mm (-f0 = 8. max (K) = 0. 

Ilpefljio^eHHe 2.1. foJ ea/m = £ mm (S max = £ max ), mo y onepamopa A om- 
cymcmeyem mouKa ducKpemnozo cnenmpa, Jieotcau^HH nuwce (euwe) nuwcnezo (eepxne- 
zo) npan cymecmeeHHOso cneKmpa, m. e. <Jd{A) n (— oo, £ mm ] = (&d{A) n [£ max , +oo) = 
0j; 

(6) ea/ra S'min < £min fS'max > £maxj, onepamopa A jvmowcecmeo mouen duc- 

KpemHoso cneKmpa, Jiewcawftix Hucnce (euwe) nuwcnezo (eepxnezo) Kpan cywpcmeennozo 
cneKmpa Hejinemcn nenycmuM, m. e. ad(A)f](—oo, £ mm ] 7^ (o~d(A) D [£ m ax, +00) 7^ 0J. 

^[jia 3a^aHHoro orpaHH^eHHoro caMOConpa>KeHHoro onepaTopa A : 3~C — > IK nocTpo- 
hm orpaHH^eHHyio B03pacTaK)myio nocjie^OBaTejibHOCTb /i„ = /i n (A), n G N, cjie^yioinHM 
cnocoSoM: 

fJ>i(A) = S min (A) = inf (Ax, x). 

xG^K, ||a:||=l 

^onycraM, *ito fJ>i(A) = (AxijXi) flJifl HeKOToporo X\ G 0~C, \\xi\\ = 1. 
Onpe^ejiHM 

/2 2 (A) = ^(A'J = Sndn^i) = inf (A;x,x), 

xe ± JCi, ||*||=i 

r^e _L [Ki = {1 G M : (x, Xi) = 0} 11 - cy>KeHHe onepaTopa A Ha no^npocTpaHCTBO 

_Lo_r 

AHajiorH^HO onpe^ejiHM 

/x fc (A) = vM'k-i) = S min (A' k _A = inf (A' fc _ 1 x, x), 

*£ -rtfc-i, IfI|=i 

r^e S min (A' k ) = (A' k x k+1 , Xfc+i), ||x fc+ i|| = 1, ^JCfe = {x G !K : (x, x x ) = ... = (x, x fe ) = 0}, 
A' k - cyjKeHne onepaTopa A Ha no^npocTpaHCTBO ± Jik, k G N. 

Tenepb onpeflejiHM nocjie^OBaTejibHOCTb {/2 n (A)} C 1 no npaBHJiy 

fi n (A) = snp{fi 1 (A),Jl 2 (A),...,il n (A)}, n G N. (2) 



2 



J\jis 3a^aHHoro orpaHHueHHoro caMOConpajKeHHoro onepaTopa A : 0~C — > IK nocTpo- 
hm orpaHH^eHHyio ySbiBaiomyio nocjieflOBaTejibHOCTb r] n = r] n (A), n G N cjieflyioinHM 
cnocoSoM: 

771(A) = S mBX (A) = sup (Ay,y). 

y€K,\\y\\=l 

JJpuycTaM, hto 771(A) = (Ayi,yi) ^jia HeKOToporo y\ G IK, ||yi|| = 1. Onpe^ejinM 

HHCJIO 

fj 2 (A) = m(A![) = S max (A'() = sup {Aly, y). 

yeMt,\\y\\=l 

r%e IK^ = {y G K : (y, t/i) = 0} h A'/ - cyjKemie onepaTopa A Ha noflnpocTpaHCTBO IK^. 
AHajioriiuHO onpe^ejiHM 

fj k (A) = 77iK_!) = SmaxK^) = SU P (A£_ l2/ , 7/), 

s/e^fe_i,llj/ll=i 

r^e S max (A' fc ') = (A'l +1 y k+1 , y k +i), \\yk+i\\ = 1, K^ = {y G K : (y,7/i) = ... = (y,y k ) = 0}, 
A^ - cyjKeHue onepaTopa A Ha no^npocTpaHCTBO K^ , fceN. 

Onpe^ejiHM nocjie^OBaTejibHOCTb {77^ (A)} C 1 no npaBHjiy 

77„(A) = inf {771(A), 772(A), 7) n (A)}, n G N. (3) 

B KHHre [11] nojib3yflCb mcto^om npnHunna mhhhm£ikc<i H3yneH jjHCKpeTHbiii cneKTp 
3a^aHHoro caMOConpaaieHHoro h orpaHnaeHHoro CHH3y onepaTopa j^eiicTByiomero b rnjib- 
SepTOBOM npocTpaHCTBe. B aacTHOCTH, ^OKa3aHO cymecTBOBaHne coScTBeHHbix 3HaaeHHH 
jie^Kainnx HHace cymecTBeHHoro cneKTpa h SecKOHeuHOCTb ^HCKpeTHoro cneKTpa fljia 

HeKOTOpblX MHOrOHaCTHHHblX raMHJIbTOHHaHOB. 

Ha^o no^uepKHyTb, hto ,h,jih caMOConpaateHHbix h orpaHHaeHHbix CHH3y onepaTO- 
poB cymecTBeHHbiii cneKTp cr e (-) no nocTpoeHHio hmcgt y,a,o6HbiH bh^, T.e. oh npe^CTaBjia- 
eTca tojibko oflHHM SecKOHeuHbiM OTpe3KOM [a, 00). J\jih TaKHx onepaTopoB jjHCKpeTHHH 
cneKTp jiejKHT tojibko b oahom nojiyHHTepBajie, T.e. cymecTByeT hhcjio c < a TaKoe, hto 
(Td(') C [c, a). riosTOMy npHHinin MHHHMaKca ,h;jih TaKHx onepaTopoB ycneniHO npHMeHH- 
eTca [11]. 

CymecTBeHHbin cneKTp orpaHnneHHoro caMOConpaa<eHHoro onepaTopa Moa<eT co- 

CTOaTb H3 HeCKOJIbKHX OTpe3KOB, Meatfly 3THMH OTpe3KaMH MOryT CyiU,eCTBOBaTb TOH- 

kh flHCKpeTHoro cneKTpa. Hanpniviep, ecjin ,h;jih 3a,naHHoro orpaHHaeHHoro caMOConpa- 

jKeHHoro onepaTopa A a e (A) = UKA], r^e b k < a k+1 , to a d (A) C [/ii(A), £ min ) U 

k 

(U(h, a-k+i)) U (£ ma x,^i(A)] , r^e £ min = inf{ai, a 2 , ...}, £ max = sup {61, b 2 , ...}. IIpHHnHn 

k 

MHHHMaKca h MaKCHMHHa HaM no3BOJiaeT H3yuaTb ^HCKpeTHbie cneKTpbi caMOConpaaceH- 
hmx orpaHHueHHbix onepaTopoB Jieacamnx HH>Ke HHJKHero Kpaa cymecTBeHHoro cneKTpa 
£min u jieacamnx BbiHie BepxHero Kpaa cymecTBeHHoro cneKTpa £ max - 

Teopeivia 2.2 (npnHunn MHHHMaKca ,a,Jia orpaHnaeHHbix onepaTopoB b onepaTop- 
hoh (popMe). rtycmb A : K — > K - ozpanuuennuu caMoconpnotceHHUu onepamop. Tozda 
3ah naofcdoso (fiuKcupoeauHozo n G N: 
jiu6o 

a) cymecmeyem n co6cmeeHHUx 3HaneHuu (cHuman eupootcdennue co6cmeeHHue 3Ha- 
neHUH cmoAbKO pa3, Kanoea ux Kpamnocmb), Jieotcau^ue nuotce Huamneso npan £ min (A) 
cymecmeeHHOso cnenmpa, a fJ, n (A) (2) ecmt n-e co6cmeeHHoe 3HaneHue onepamopa A (c 
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ynemoM KpamHocmu), 
jiu6o 

6) fi n (A) - humchuu Kpau cymecmeeHHOso cneKmpa, m. e. /jL n (A) = 8, m i n (A), npu 3moM 
A*n = Hn+i = = ■■■ u cymficmeyem caMoe 6ojihmee n — 1 co6cmeeHHUx 3H<meHuu (c 
yuemoM Kpamnocmu), Aewcawiix nuoice nuMcnezo npan £ min (A) cyu^ecmeennoso cneKmpa 
onepamopa A. 

/^OKasaTejibCTBO npoBOflHTCH aHajiornnHO ,n;oKa3aTejibCTBy TeopeMbi o npHHunne 
MHHHMaKca fljia onepaTopoB orpaHHneHHbix CHH3y [11]. 

TeopeMa o npHHnnne MaKCHMima rjisi orpaHnneHHbix onepaTopoB (popMyjinpyeTCH 
cjie^yioiu,HM o6pa30M. 

TeopeMa 2.3 (npnHnnn MaKCHMima rjisi orpaHnneHHbix onepaTopoB b onepaTop- 
hoh (popivie ). rtycmb A : "K — > % - ozpanunennuu caMoconpttwcennuu onepamop. Tozda 
3ah naofcdoso fyuKcupoeannozo n G N: 
Jiu6o 

a) cym,ecmeyem n co6cmeeHHUx 3Hanenuu (cnuman eupootcdennue co6cmeeHHue sna- 
neHUH cmoAbKO pa3, nanoea ux Kpamnocmb), Aewcawiie eume eepxneso npan £ m ax(^4) 
cyu^ecmeennozo cneKmpa, a r/ n (A) (3) ecmt n-e co6cmeeHHoe 3nauenue onepamopa A (c 
yuemoM Kpamnocmu), 
jiu6o 

6) i] n (A) - eepxnuu Kpau cyuificmeennozo cneKmpa, m. e. f]n{A) = £ max (^4), npu amoM 
Vn = Vn+i = Vn+2 — ■■■ u cymficmeyem caMoe 6oAt>mee n — 1 co6cmeennux 3uaHeuuu (c 
yuemoM Kpamnocmu) , Aeofcam,ux eume eepxnezo Kpan £ max (^4) cyw^ecmeennozo cneKmpa 
onepamopa A. 

JliiHeiiHbiH orpaHHHeHHbiii onepaTop A : "K — > "K Ha3biBaeTca nojiojKHTejibHbiM n 
nnineTca A > hjih < A, ecjin (Ax,x) > 0, Vrc G "K. 

Cjie^CTBne 2.4. Tlycmb A, B : 0~C — > 0~C -Auneunue ospanuuennue caMOConpnMcen- 
nue onepamopu u A < B. Tozda 

(a) Ecau 8, min (A) = 8. min (B), mo /i n (A) < /i n (B),n G N (4) 

(6) Ecau 8, max (A) = 8, max (B), mo r) n (A) < r) n (B),n G N (5) 

ByzjeM roBopnTb, hto TOHKa A G o- e (A) H30JinpoBaHa cjieBa (cnpaBa) Ha cymecTBeH- 
hom cneKTpe onepaTopa A, ecjiH cymecTByeT hhcjio 5 > Taxoe, hto (A — 5, A] f]a e (A) = 

{A} ([A, \ + 5)na e (A) = W)- 

Onpe^ejieHHe 2.1. IlycTb TonKa A G o- e (A) H30JiHpoBaHa cjieBa Ha cymecTBeHHOM 
cneKTpe onepaTopa A. Ecjih cymecTByeT nocjieflOBaTejibHOCTb {A n } coScTBeHHbix 3Hane- 
hhh onepaTopa A, yn;oBJieTBopHiom;aa ycjiOBHHM A n < A fljia Bcex n G N h lim A n = A, 
to roBopHT, hto b TOHKe A CAeea cyu^ecmeyem 3(f)$eKm Ecfiujuoea. 

Onpe^ejiemie 2.2. IlycTb TOHKa A G c e {A) H30JiHpoBaHa cnpaBa Ha cymecTBeHHOM 
cneKTpe onepaTopa A. Ecjih cymecTByeT nocjie^OBaTejibHOCTb {A n } coScTBeHHbix 3Hane- 
hhh onepaTopa A, y^OBjieTBopflioiu,aa ycjiOBHaM A n > A rjisi Bcex n G N h lim A n = A, 
to roBopflT, hto b TOHKe A cnpaea cyu^ecmeyem ocf)$eKm EcfiuMoea. 

3. Mo^ejib OpHflpnxca 
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IlycTb u(t)— HeoTpiiijaTejibHaa HenpepbiBHaa cpyHKnira Ha [0, 1] n m _1 ({0}) f][0, 1] 
0; k(t,s) G L 2 [0, l] 2 h k(t,s) = k(s,t). B npocTpaHCTBe L 2 [0, l] 2 paccMOTpiiM caivioco- 
npajKeHHbiii onepaTop 

H = U-K, (6) 

r^e 

(Uf)(t)=u(t)f(t), /GL 2 [0,1] 

(Kf)(t)= [ 1 k(t,s)f(s)d f i(s), /GL 2 [0,1]. 
J o 

H3 TeopeMbi Befijia [11] o KOMnaKTHOM B03MynieHiiii cymecTBeHHoro cneKTpa nojiy- 
naeivi, hto a e (H) = a(U) = [0,u max ] h OTcro^a E min (H) = 0, 8, max (H) = u max . 

Teopeivia 3.1. Ecjiu unmespaAbnuu onepamop K e ModeAU (6) UMeem Koneunoe 
hucjio noAOOKumeAbHux(ompuv,arneAbHux) co6cmeeHHUx 3uaHeuuu, mo onepamop U — K 
manatee UMeem Koneunoe hucao co6cmeeHHUx 3Hauenuu Aeotcau^ux nuotce(eume) cym,e- 
cmeennozo cnenmpa. 

J],0Ka3ameAbcm80 a) IlycTb onepaTop K HMeeT TOJibKO n — 1 hhcjio nojiojKHTejibHbix 
coScTBeHHbix 3HaneHHH. Tor^a onepaTop —K TaK>Ke HMeeT pobho n — 1 OTpnnaTejibHbix 
coScTBeHHbix 3HaneHHH. HivieeM U > 0. Tor^a H3 E m i n (—K) = & min (U — K) b cnjiy Hepa- 
BeHCTBa (4) nojiynaeM, hto /ih(—K) < fi k (U — K),Vk G {1,2, .. . , n}. B cnjiy npHHinina 
MHHHMaKca jj, n (—K) = /j, n+ i(—K) = ■ ■ ■ = 0. Cjie^OBaTejibHO, onepaTop U — K HHJKe 
cymecTBeHHoro cneKTpa HMeeT He Sojibine n — 1 coScTBeHHbix 3HaneHHH. 

6) IlycTb onepaTop K HMeeT tojibko n — 1 OTpnnaTejibHbix coScTBeHHbix 3HaneHHH. 
Tor^a onepaTop u max -E — K TaK>Ke HMeeT tojibko n — 1 coScTBeHHbix 3HaneHHH jie>Kaiu,Hx 
Bbinie HHCJia u max , rj\e E— TO>K^,ecTBeHHbiH onepaTop b L 2 [0, 1]. HMeeM 8- m ax(U — K) = 
&max{u max E — K). Tor^a H3 cooTHOHieHHii u max E — U > nojrynaeM, hto 

n k (U -K)< n k {u max E - K), Mk G {1, 2, . . . , n}. 

O^HaKO b cnjiy npHHinina mbkchmhh<i HMeeM u max = rj n (u max E — K) = 
r) n+1 (u max E - K) = ... . OTCio^a r) n+k (U - K) = u max ,k = 0,1,..., T.e. onepaTop 
U — K HMeeT He Sojiee n—1 coScTBeHHbix 3HaneHHH, jie>Kaiu,Hx Bbinie cymecTBeHHoro 
cneKTpa. ■ 

Cjie^CTBne 3.2. x imo6u y onepamopa U — K nuotce (eume) cyu^ecmeennozo cne%- 
mpa cymficmeoeaA sdiqieKm EdSuMoea neo6xoduMO, umo6u KOMnanmnuu onepamop K 
UMeA 6ecKoneHHoe hucao noAootcumeAbnux (ompuu,ameAbnux) co6cmeeHHUx 3naHenuu. 

Teopeivia 3.3. (a) x imo6u y onepamopa U — K nuotce cyv^ecmeennozo cnenmpa 
cymecmeoeaA acfidieKm Ediujuoea neo6xoduMO, umo6u 

Jirn f l u(t)\^ n (t)\ 2 d^(t) = 0, 

J 

zde {(f n }nm~ cucmejua opmonopMupoeannux co6cmeennux fyynKuiiu coomeemcmeyw- 
mux co6cmeeHHUM 3nauenusiM onepamopa U — K Aewcamux nuotce cyw^ecmeennozo cne%- 
mpa; 

(6) x imo6u y onepamopa U — K eume cymecmeennoso cnenmpa cymecmeoeaA sdiqieKm 
EdiuMoea neo6xoduMO, nmo6u 

Jim I u{t)\i) n {t)\ 2 dfi(t) = u max , 
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zde {ip n }neN— cucmeMa opmoHopMupoeauHux co6cmeeHHUx a^yHK'nuu coomeemcmeyw- 
mux co6cmeeHHUM 3HaueHUHM onepamopa U — K jiewcawftix eume cymecmeennozo cnen- 
mpa. 

JJoKa3ameAbcm,60. a) IlycTb ,h,jih onepaTopa U — K b TonKe A = cjieBa cymecTByeT 
3(p(peKT EcpHMOBa. Tor^a cymecTByeT nocjie^OBaTejiBHOCTb OTpnnaTejibHbix coScTBeHHbix 
3HaneHHH onepaTopa U — K, T.e. fJ, n (U — K) < 0, Vn G N. IlycTb {(p n } n em - cncTeMa op- 

TOHOpMHpOBaHHblX CoScTBeHHblX (pyHKITHH COOTBeTCTByK)inHX CoScTBeHHbIM 3HaneHHaM 

l^niU — K),n G N. HivieeM (Uip n ,ip n ) — (Kip n ,{p n ) = /i n (U — K) < 0,n G N. OTCio^a 
nojrynaeM, hto < (Uip n ,(p n ) < (K(p n ,{p n ),n G N. B cnjiy KOMnaKTHOCTii onepaTopa K 
HMeGM lim Tl _K 30 (i i f(^ ri , ip n ) = 0. Cjie^OBaTejibHO, lim ri _ >0O (C/</? n , ip n ) = 0, T.e. 

\im o j\(t)\ Vn (t)\ 2 dfi(t) = 0. 

6) IlycTb fljifl onepaTopa U — K b tohkc A = u max cnpaBa cymecTByeT scpcpeKT 
EcpHMOBa. Tor^a cymecTByeT nocjie^OBaTejibHOCTb A n coScTBeHHbix 3HaneHHH onepaTopa 
U — K, yzjoBJieTBopaiomaa HepaBeHCTBy X n > u max ,\/n G N, T.e. r) n (U — K) > u max . 

IlyCTb {^„}„ e N -CHCTeMa OpTOHOpMHpOBaHHblX C06cTBeHHbIX (pyHKITHH COOTBeCTByiOIUHX 

coScTBeHHbiM 3HaneHHaM 7] n (U — K),n G N. Tor^a HMeeM (Uif} n ,if} n ) — (Kifj n ,ifj n ) = 
r) n (U — K) > G N. OTCio^a u max + (Kij n ,ij n ) < (Uip n ,ip n ) < u max ,n G N. 

Cjie^OBaTejibHO, 

lim (Uil> n ,i/> n ) = / u{t)\ip n (t)\ 2 dfi{t) = u max . ■ 

Teopeivia 3.4. Ecjiu cymecmeyem opmonopMupoeaHHan cucmeMa {f n }nen C 
L 2 [0, 1] ydoejiemeopHfov^aH ycAoeuw 

/ 1 M (t)|/ fc (t)| 2 rf/i(t)<c fc ,VA;GN, (7) 
Jo 

sde Ck = (Kfk-> fk)i mozda cjieea om mouKU A = cnenmpa onepamopa U—K cymecmeyem 
9$d)eKm EtfiuMoea. 

JJoKa3ameAbcmeo. IlycTb b npocTpaHCTBe L 2 [0, 1] cymecTByeT opTOHopMnpoBaHHaa 
CHCTeMa {f n }, n G N yijOBjieTBopaioinaH ycjiOBHio (7). npe^nojico-KHM, hto CHCTeMa 
{f n },n G N ynopafloneHa b cjieflyiomHM CMbicjie: (Hf k ,f k ) < (Hf k+1 ,f k+1 ),k G N. 
HMeeM 

Smin(H) = fjLi(H) < (Hfi, /x) < 0, 

T.e. cymecTByeT ipi G L 2 [0, 1], ||ty?i|| = 1 TaKaa, hto Hi(H) = (Hipi, ipi) < h no TeopeMe o 
npHHnnne MHHHMaKca Hi(H) HBJiaeTca coScTBeHHbiM 3HaneHHeM onepaTopa H = U — K. 
J\jih KajK^oro k G N onpe^ejinM noflnpocTaHCTBO L L^^, 1] : 

± 4 fc) [0, 1] = {/ G L 2 [0, 1] : (/, ft) =0, j — 1,2, ... , k}. 

IlycTb H k cy>KeHHe onepaTopa H Ha no^npocTpaHCTBO -'-L^fO, 1], k G N. ^jih one- 
paTopa H\ HMeeM 

fii(Hi) = S min (Hi) = inf (HJ, f) < 

fe^L^ [o,i], ||/||=i 

<(Hif 2 ,f 2 ) = (Hf 2 ,f 2 )<0 
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Tax KaK f 2 G ± L 2 [0, 1], H/2II = 1, to cymecTByeT ip 2 G L L 2 [0, 1], \\^ 2 \\ = 1 Taxaa, 
hto Hi(H\) = (Hiip 2 ,ip 2 ) = (Hip 2 ,ip 2 ) < 0. ,Hjia Ka>K^oro k>2 noBTopna aHajiornnHoe 
paccy>K^eHHe hmcgm 

Hi(H k ) = S min (H k ) = inf (H k f,f) < 

/e^4 fc) [o,i], ||/||=i 

< {Hkfk+i,fk+\) = {H fk+i, fk+i)- 

Tax KaK fk+\ G ± L 2 k) [0,l],\\f k+ i\\ = 1, k > 2, to cymecTByeT </? fe+ i G 
"^^[O, 1], Ikfe+ill = 1 TaKaa, hto = (H k (p k+1 , tp k+1 ) = (Htp k+1 ,tp k+1 ) < 0, r^e 

k > 2. TaKHM o6pa30M, ,n;jia KajK^oro 6 N onepaTop cyjKeHna H k HMeeT coScTBeH- 
Hoe 3HaneHHe jj,i(H k ) < h /2i(H k ) < jj,i(H k +i), k G N. Cjie^OBaTejibHO, Ka>Kfloe hhcjio 
= jj,i(Hk) < 0,k = 0,1,2,... aBJiaeTca coScTBeHHbiM 3HaneHHeM onepaTopa H, r^e 
Hq = H n lim o; n = 0. ■ 

n— >oo 

Teopeivia 3.5. Ecjiu cyuiecmeyem opmonopMupoeannasi cucmeMa {/„} C L 2 [0, 1] 
ydoeAemeopMwmaM ycAoeuw 

[ 1 u(t)\fk(t)\ 2 dfi(t)>c k + u max , VkEN (8) 
Jo 

sde Cfc = (Kfk,fk), mosda cnpaea om ttiohku A = u max cnenmpa onepamopa U — K 
cymecmeyem acfxtjenm EtjjuMoea. 

3aMenaHHe 3.6. Ecjiu e Mode/iu Opudpuxca (6) (fiynnu^uH u(t) He ydoejiemeopsi- 
em ycAoeuw u^ 1 ({0}) f][0, 1] 7^ 0, mo edemas onepamop H na —u m i n UMeeM onepamop 
H = U — K e ModeAU Opudpuxca, zde (Uf)(t) = (u(t) —u m i n )f(t), f G L 2 [0, 1] u (fiynnu^uH 
h(t) = u(t) —u m in ydoeAemeopnem ycAoeuto h{t) > 0, t G [0, 1] u /i~ 1 ({0}) fl[0, 1] 7^ 0. 
CAedoeameAhuo, noAynan UH$opMau,UK) cnenmpe onepamopa H mu noAyuaeM noAnyto 
UH<fiopMau ) uw cneKmpe onepamopa^H, man nan: ecAU u neAHemcn m— npamnuM co6- 
cmeeHHUM 3HaueHueM onepamopa H, mo hucao uj + u m i n neAHemcn m— KpamnuM co6- 
cmeennuM 3nanenueM onepamopa H u nao6opom, npu 3moM a e (H) = [u m i n ,u max \. 

4. "TpexHacTHHHBiii" onepaTop IIIpe^HHrepa T 

OflHHM H3 3aMeHaTejibHbix pe3yjibTaTOB b cneKTpajibHoii Teopnii MHoronacTHHHbix 
raMHJibTOHnaHOB aBJiaeTca scpcpeKT EcpiiMOBa. 3tot scpcpeKT ^Jia TpexnacTHHHbix ra- 
MHjibTOHnaHOB BnepBbie 6biji o6Hapy>KeH b 1970 ro^y B.H. E(pHMOBbiM [12]. C Tex nop 
3Ta 3a^,ana H3ynajiacb bo MHorax paSoTax (cm., HanpHMep, [13-18]). B paSoTax [19-22] 
H3yneH scpcpeKT E(piiMOBa fljia TpexnacTH^Horo ^HCKpeTHoro onepaTopa IIIpe^HHrepa. B 
3tom naparpa(pe mm paccMOTpiiM MO^ejib TpexHacTHHHoro ^HCKpeTHoro onepaTopa T 11 
H3yHHM ycjiOBna cymecTBOBaHna scpcpeKTa EcpiiMOBa. 

IlycTb T orpaHHHeHHbiii caMOConpa>KeHHbiH onepaTop b L 2 [0, l] 2 3a^aHHbiH no npa- 

BHjiy 

T = T -(T 1 +T 2 ), (9) 

r^e 

(T f)(x,y) = (u(x)+v(y))f(x,y), f G L 2 [0,1] 2 
1 1 

(T l f)(x,y)= J Jk 1 (x,s)8(y-t)f(s,t)d f i(s)d f i(t), /GL 2 [0,1] 2 
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1 1 

(T 2 f)(x,y) = J Jk 2 (y,t)5(x-s)f(s,t)df,(s)dfi(t), f e L 2 [0,1] 2 



3^ecb u(x),v(x)— 3a^aHHbie HeoTpniiaTejibHMe HenpepbiBHbie (pyHKHHH Ha [0,1] h 
m _1 ({0}) f|[0, 1] 7^ 0, v _1 ({0}) f|[0, 1] 7^ 0; ki(x,s),k 2 (x,s) — 3a^aHHbie HenpepbiBHbie 
(pyHKii,HH Ha KBa^paTe [0, l] 2 h ki(x, s) = ki(s, x), k 2 (x, s) = k 2 (s, x), 5(x)— ^ejibTa cpyHK- 
nna ^npaxa Ha [0,1]. 

OnepaTopbi T\ h T 2 He HBJiaiOTca KOMnaKTHbiMH. CymecTBeHHbiii cneKTp onepaTopa 
b MO^ejiH (9) b Sojiee o6meM cjiynae H3yneH b paSoTe aBTopa [23]. B MOflejin Xa66ap- 
^a [23] B03HHKaeT "TpexnacTHHHMH" flHCKpeTHbift onepaTop, KOTopbiii npe^CTaBJiaeTca 
b BH^e (9). OnepaTop T (9) aBjiaeTca o6ih,hm aHajioroM TpexnacraHHoro ^HCKpeTHoro 
onepaTopa, cooTBeTCTByiomero CHCTeMe cocToameii H3 flByx cboSo^hmx sjieKTpoHOB h 
o^hoh npniviecH Ha penieTKe, h ero b ^ajibHeHiHHM 6yn;eM Ha3biBaTb " TpexnacTHHHMM " 
^HCKpeTHbiM onepaTopoM IIIpe^HHrepa. 

3aMeHaHHe 4.1. Onepamop T (9) momcho npedcmaeumb, kcik onepamopa e Modejiu 
0pudpuxca c neKOMnanmuM ndpoM, m.e. T = T — W, sde W unmespaAbHuu onepamop 
e L 2 [0, l] 2 c HeKOMnanmHUM ndpoM q(x, y\ s, t) = k\{x, s)5(y — t) + k 2 (y, t)S(x — s). 

Hapa^y c raMHjibTOHnaHOM T mm 6yzi,eM paccMaTpHBaTb ,a,Ba onepaTopa Hi h H 2 
b npocTpaHCTBe L 2 [0, 1], KajK^biii H3 kotopmx npe^CTaBJiaeTca b MOflejin Opn^pHxca b 
cjie^yiomiiM BHfle: 

H 1 = U 1 - K u (10) 

r^,e 

(Ui(p)(x) = u(x)ip(x), ^ E L 2 [0, 1], 
i 

(Ki(p)(x) = J h(x, s)<p(s)dfi(s), tp E L 2 [0, 1] 



H 

H 2 = U 2 -K 2 , (11) 

r^e 

(U 2 ip)(x) = v(x)ip(x), (p E L 2 [0, 1], 
i 

(K 2 (f)(x) = J k 2 (x, s)(p(s)d(j,(s), (p E L 2 [0, 1]. 
o 

B flajibHeiiHieM mm npeflnojiojKHM, hto a^pa ki(x, s) h k 2 (x,s) b MOflejin (9) yn;o- 
BJieTBopaiOT ycjiOBHaM K\ > h K 2 > 0, T.e. K\, K 2 — nojiojKHTejibHbie onepaTopbi. 

06o3HaaHM nepe3 oti, a 2 , . . . , a k , . . . OTpniiaTejibHMe coScTBeHHbie 3HaneHHH onepa- 
Topa Hi, nepe3 p\ o6o3HaHHM hx KOJinnecTBO h npe^,nojio>KHM, hto a k < a k +i- Tor^a 
HMeeM ad(Hi) = {o>k} P k=i- AHajiornHHO, nepe3 (3\,(5 2 , . . . ,(3 k , ■ ■ ■ o6o3HaHHM OTpnnaTejib- 
Hoe coScTBeHHoe 3HaneHHe onepaTopa H 2 , nepe3 p 2 hx KOJinnecTBO h npe^nojio>KHM, hto 
k < (3 k+1 . Tor fl a a d (H 2 ) = {P k } p k 2 =1 . 

nojib3yacb TeH3opHMM npoH3Be^eHneM npocTpaHCTB h onepaTopoB [10], raMHJibTO- 
HHaH T mm MOJKeM npe^CTaBHTb b BH^e T = Hi ® E + E ® H 2 . ^Jia cneKTpa onepaTopa 
T HMeeM [10]: cr(T) = a(Ti) + cr{T 2 ). OTCio^a cjie^yeT [23]: 
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TeopeMa 4.1. a) cr e (T) = cr U a x U <7 2 , r^e cr = [0,M ma:E + v max },u max = 
supu(x),v max = supv(x) H 

k=l k=l 

6) <r d (T) = {to : = a + (3 <£ a x U a 2 , a G ad(Hi), (3 G <7 d (# 2 )}. 

JlerKO npoBepHTb, hto er(T) C [aii + (3i,u max + i> ma x], npn stom cei + f3± G cr d (T). 

Cjie^CTBne 4.2. CymficmeeuHuu cnenmp saMUAbmoHuana T cocmoum U3 o6vedu- 
HeHUH KOHeHHOSO hucao ompe3K06. 

J],OKa3ameAbcmeo. Ecjih fliiCKpeTHbift cneKTp onepaTopoB Hi h H 2 KOHeneH (cjiy- 
naii 1), to h3 yTBep>KfleHHa (a) TeopeMbi 4.1. cjie^yeT, hto cr e (T) coctoht h3 oSTjefliiHeHiia 

KOHe^HOrO HHCJia OTpe3KOB. 

Cjiynaii 2: ^onycTHM, *ito a d (Hi) — SecKOHeneH h ad(H 2 ) — KOHeneH. Tor^a ^Jia 
B03pacTaiomeH nocjieflOBaTejibHOCTH a n ,n G N invieeM lim a n = 0. CjieflOBaTejibHO, 

n — >oo 

cymecTByeT HaTypajibHoe ^hcjio Uq = n (Hi) yijoBjieTBopamee ycjiOBHio: a n+ \ — a n < 
J\jir HaTypajibHoro nncjia Uq = Uq{Hi) HMeeM 

oo 

U \®ki ^max O^k] [<^no i "mai] ■ 
k=riQ 

Cjie^OBaTejibHO, 

no— 1 

°"1 = U + "fc] U[ a «0) v max], 

k=l 

T.e. o"i coctoht H3 oSTje^nraeHHa KOHe^Horo HHCJia OTpe3KOB, a MHOJKecTBO a 2 no npe^no- 
jiojKeHHio oSjia^aeT sthm CBoiicTBaM. SHaniiT o~ e (T) npeflCTaBJiaeTca b BH^e o6T.eflHHeHHa 

KOHe^HOrO HHCJIO OTpe3KOB. 

Cjiynaii 3: <Jd(H\) — KOHe^eH h <Jd(H2)— SecKOHe^eH. Tor^a onaTb, KaK b cjiy^ae 
2 cymecTByeT HaTypajibHoe ^hcjio tuq = mo(H 2 ) Taxoe, ^to (3 n +i — (3 n < u max ,\/n > tuq. 
Cjie^OBaTejibHO, HMeeM 

mo— 1 

°"2 = (J \Pk, Umax + Pk] \J[Pmo 
fc=l 

Cjiynaii 4: a^Hi) h <Jd(H 2 ) — SecKOHeneHbi. Tor^a onpe^ejiaa HaTypajibHbie nncjia 
— n-o(Hi) h mo = mo(H 2 ), KaK b npe^bi^yniHx cjiy^aax, mm 6yi],eM mhokcctbo <J e (T) 
npe^CTaBjiaTb b BH^e o6T>e^HHeHHa KOHe^Horo nncjia OTpe3KOB. ■ 

Cjie^CTBne 4.3. Bchkclh u30AupoeaHHaH mouKa e cneKmpe onepamopaT HejinemcH 
KOHeuHOKpamHUM co6cmeeHHUM 3HaueHueM. 

Cjie^CTBne 4.4. 
(a) ecAU a d {Hi) = uau <7d(H 2 ) = 0, mo <J d {T) = 0; 

6) ecAU \a d (Hi)\ > u \<7 d (H 2 )\ > 0, mo \<Jd{T)\ > 0, sde MOU^HOcmb MHOMcecmea 
ft. 

(e) ecAU |cr d (ifi)| =p u |<7 d (if 2 )| = 9, mo |<7 d (T)| < pg. 
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06o3HaHHM aepe3 n e (T) KOJiiiaecTBO B3aiiMHO HenepeceKaiODiiixca OTpe3KOB, oSt.- 
eflHHeHHeM kotopmx aBJiaeTca mhcokgctbo a e (T). TaKiiM o6pa30M cyinecTBeHHbia cneKTp 
<j e (T) npeflCTaBJiaeTca b Bime 

n e (T) 

a e (T)= (J [S k ,S' h ], S k <S' k <S k+1 . (12) 

k=l 

HeTpyznro npoBepHTb, nTO b (12) S\ = min{ai, p{\, npii \ad{H\)\ > a \(Td(H 2 )\ > 

0. 

TeopeMa 4.5. Tlycmt 0<\<Jd(B\)\ = p u \(7d{H 2 )\ = oo. Ecau 3ah a G (7d{Hi) 
naudemcH hucao S k G {Si, S 2 , . . . , S ne (r)} paenoe uucAy a, mozda e moune G o~(T) 
cymecmeyem 9$(f>eKm EqiuMoea. 

flonaaameAbcmeo. ,I[onycTiiM, nTO ^Jia a G o~d(Hi) cymecTByeT S k G {Si, S 2 , ■ ■ ■ , 
Sn e (T)} TaKoe, hto S k = ot. Tor^a 113 npe^CTaBjieHiia (12) cymecTBeHHoro cneKTpa cy- 
mecTByeT 5 > TaKoe, hto (a — 5, a] n c e (T) = {a}- C flpyrofl CTopoHbi, mvieeM 
u; n = a + P n G <J P (T), Vn 6 N h w„ < a,Vn 6 N, r^e a p (T) — mhcokgctbo coScTBeH- 
hmx 3HaneHiiii onepaTopa T. IlocKOJibKO lim B n = 0, to lim ui n = § k . Torna b ToaKe 
§fc G cr e (T) cjieBa cymecTByeT scpcpeKT EcpiiMOBa. ■ 

3aMenaHHe 4.2. Uycmb < \ad(Hi)\ = p u \(Td{H 2 )\ = 00. 
a)Tosda Mootcem 6umb, umo e ModeAU (9) omcycmeyem atfitfieum Ecfiujuoea. Hanpujuep, 
e CAynae a e (Hi) = cr e (H 2 ) = [0,1], a d {Hi) = {-1} u o- d {H 2 ) = {-f}„ e N UMeeM a = 
[0, 2], (Ji = [-1, 0], a 2 = [-2, 0] U B, zde B C [-§, 1]. CAedoeameAhno, a e (T) = [-2, 2] u 
^(T) = {-3}. 

6) B ModeAU (9) atfitfieum Ecfiujuoea noneumbcn ne 6oAbme ueM e p mownax. 

TeopeMa 4.6. Uycmb \a d (Hi)\ = 00 u < \ad(H 2 )\ = q. Ecau 3ah f3 G a d (H 2 ) holu- 
demcH St G {Si, S 2 , ... , S^t)} paenoe nucAy P, mosda e moHKe G cr(T) cymecmeyem 
acficfieKm EcfiiiMoea. 

TeopeMa 4.7. Uycmb \<7&{Hi)\ = \<r d (H 2 )\ = 00. Tosda e Kaotcdoil moHKe S k G 
{Si, S 2 , . . . , S ne (T)} cymecmeyem 3(f)$eKm EtfiuMoea. 

J^OKaaameAbcmeo. ^onycTHM, hto \<Jd(Hi)\ = \<7d(H 2 )\ = 00 . H3 npeflCTaBJieHHa 
(12) cymecTBeHHoro cneKTpa cr e (T) nojiynaeivi, hto 3(p(peKT EcpiiMOBa mojkct cymecTBO- 
BaTb b TOHKax S k , k G {1,2, ... ,n e (T)}. C ^pyroii ctopoho, ^Jia Ka>K^oro HaiifleT- 
ca HOMep a3fc Taxaa, ^to §fc = ct(jk) hjih §fc = ft(jk)- IlycTb HMeeT MecTO paBeHCTBO 
§fc = tt(jfe)- OneBHflHO, hto w n = a { j k ) + /3 n G cr p (T), Vn G N. HivieeM cj„ < a { j k ),Wn G N 
11 lim oo n = OL(jk) = §fe- 3HaaiiT b tohkc §^ G cr(T) cjieBa cymecTByeT sdxpeKT EcpiiMOBa. 

n— »oo v 

AHOJiaraaHO paccMaTpiiBaeTca cjiyaaa §fc = (30k)- B 

3aMenaHHe 4.3. Ltycmb \ad(Hi)\ = \a d (H 2 )\ = 00. Tosda 603momcho, umo 
e ModeAU (9) cymecmeyem 3(f)$eKm EtfiuMoea moAbKO e eduHcmeeuHou moune ujq = 
min{ati, Pi}, m.e. n e (T) = 1. Hanpujuep, e CAyuae a e (Hi) = a e (H 2 ) = [0,1], o~d(Hi) = 
{-^}n G N u o d {H 2 ) = {-f}„ e N n^ee^ a = [0,2], <Ji = [-4,1] u a 2 = [-5,1]. CAedoea- 

meAbuo, noAynaeM, nmo cr e (T) = [—5,2], <7d(T) C [—9, —5) uw n = —5 G ad(T),n G 

N. 

5. ripHMepti 

H3yaiiM ^HCKpeTHbia cneKTp 11 scpcpeKT EcpiiMOBa b MO^ejia Opii^piixca b KOHKpeT- 
hmx npiiMepax. 
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Cjiynan 1: |<7 P (C/)| = oo, sde a p (U)— MHOotcecmeo co6cmeeHHUx 3HaueHuu one- 
pamopa U. PaccMOTpHM nocjie^OBaTejibHOCTb r n (x) HenpepbiBHbix cpyHKnnn Ha [0, 1] 3a- 
^aHHbix no cpopiviyjie 



r n (x) 



j^(x-Pk), ecjin x G [p k ,Pk + ^) 
1, ecjiH I6[ft + ^,|) W -|) 
~~t( x -Pk+i), ecjiH x G [pk+i - ^SPfc+i] 
k 0, ecjiH x <£ [p k ,Pk+i] 



r^e pi = 0, p 2 = |, Pn+i = A+2i,n6N,/} fe = ^ fc G N. 

IlycTb cpyHKHna noTeHnnajia u(x) b MO^ejin (6) 3aflaHa no cpopiviyjie 

u ( x ) = J2 a k r k(x), (13) 
km 

rjj;e o n >0,n£NHO 1 = l, X a n < oo. 

neN 

Pa/j; (13) paBHOMepHO cxo^HTca Ha OTpe3Ke [0, 1]. Cjiejj;oBaTejibHO, KajK^aa cpyHKna 
u(x), 3a^aHHaa no cpopiviyjie (13), aBJiaeTca HeoTpnHaTejibHon n HenpepbiBHon Ha [0,1], 
npn 3tom u min = 0, u max = 1. 

npe^nojioJKHM, hto fl^po k(x, s) HHTerpajibHoro onepaTopa K : L 2 [0, 1] — > L 2 [0, 1] 
3a^aHO paBeHCTBOM 

fc(x, S) = KVn(x)¥n(s), (14) 

km 

r^e 

3 

¥>n(aO = -= q n (x), (15) 

r ^(X - Pn - eCJIH X e[p n + \,p n + ^] 

q n {x) = \ --^(x - p n+1 + ecjin x G (p n + - , 

[ 0, ecjin x £ [p n + ^,p n+ i - ^] 

3flecb nocjie^OBaTejibHOCTb A n yzjOBJieTBopaeT ycjiOBnaivi X n > 0, n G N n X) 2 k Xk < 

km 

oo. Hanpniviep, \ n = (hjih A n = a > 2). 

IlocjieflOBaTejibHOCTb HenpepbiBHbix cpyHKnnn <p n (x) (15) aBJiaeTca opTOHopMnpo- 
BaHHon b L 2 [0, 1]. Pa/j; (14) paBHOMepHO cxo^HTca Ha KBa/jpaTe [0, 1] x [0,1]. HHrerpajib- 
hmh onepaTop K, 3a,a,aHHbiH a^poM k(x, s) (14) aBJiaeTca caMOConpa>KeHHbiM n nojio>KH- 
TejIBHblM b L 2 [0, 1]. 

,I[onycTHM, hto fljia HeKOToporo HaTypajibHoro no BbinojiHaeTca ycjiOBne a n < 
A n , Vn > hq. Tor^a b MO^ejin Opnflpnxca HHJKe cymecTBeHHoro cneKTpa cymecTByeT 
3(p(peKT EcpHMOBa, TaK KaK 

(H<f n )(x) = (Uip n )(x) - (K<f n )(x) = (a n - X n )<f n (x), neN, 

T.e. u> po , u} po+ i, . . . , u po+ k, ■ ■ ■ aBjiaiOTca OTpnnaTejibHbiMH coScTBeHHbiMH 3HaHeHnaMH 
onepaTopa U — K, rjj;e oo n = a n — \ n n lim uj po+ k = 0. (Hanpniviep, b cjiynae a n = 

5^r, nGNnA n = ^nGN nncjia lo\,uji h ^3 aBjiaiOTca nojiojKHTejibHbiMn co6- 
CTBeHHbiMH 3HaHeHnaMH onepaTopa H = U — K, a ^ncjia U4, 0*5, . . . , u n , . . . aBjiaiOTca 
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OTpnn;aTejibHbiMH coScTBeHHbiMii 3HaaeHHaM onepaTopa U — K,, r^e oo n = a n — X n T.e. 
a d {H-K) = {u k }f =i ). 

Cjiynaii 2: |ct p (C/)| = 0. IlycTb u(x)— npoH3BOJibHaa ySbiBaiomaa HenpepbiBHaa 
HeoTpHn,aTejibHafl (pyHKipia Ha [0, 1], KOTopaa ya,OBjieTBopaeT ycjiOBHio w _1 ({0}) fl [0, 1] 

0. IIOJIOJKHM 

q n = q n {u) = sup u(x), n G N, 

xe[pn ,Pn+l] 

r^;e nocjie^OBaTejibHOCTb p k onpeflejieHa b npniviepe 1. Tor^a q n > q n +i, n G N h 
lim q n = 0. Ecjih {q n }nen G Z2, Tor^a Bcer^a Han^eTca a,a,po k(x,s), npri kotopom b 
MOflejin OpH^pnxca cyniecTByeT 3(p(peKT EcpiiMOBa, TaK KaK b npocTpaHCTBe ^[0, 1] mm 

MOJKeM B33TB nOCJieflOBaTejIBHOCTb OpTOHOpMHpOBaHHblX (pyHKHHH 

v n (x) = 2^ sin^ n (x) , 



(x-p k ), ecjin xe[p k ,Pk+i] 



11 a^po k(x,s), 3a^aHHoe no cpopiviyjie 



0, ecjin x £ [p k ,p k+1 ] 



k(x,s) = K^n{x)u n (s), 

n&i 

r^e A n > 0, n G N, A 2 < 00 h fljia HeKOToporo no G N npii stom BbinojiHaeTca 

raeN 

HepaBeHCTBO 

g„ < A n , Vn > n . 

Tor^a b MO^ejiii (6) cymecTByeT scpcpeKT E(piiMOBa, T.e. BbinojiHaeTca ^ocTaToaHoe ycjio- 
Bae TeopeMbi 3.4: 



Pn+l 

((U — K)u n , v n ) = J u(x)u 2 (x)dx — A n < q n — \ n < npa Bcex n > n . 

Pn 

Cjiynaii 3: jcr^if)! = 00 a \(J d (U — K)\ < 00. B paSoTax [6-9] flOKa3aHO, hto 
ecjin (pyHKHiia u(x)— aHajiHTaaecKaa b HeKOTopofi KOMnjieKCHoa OKpecTHOCTii OTpe3Ka 
[0, 1] a KajK^aa KpaTaaecKaa TOHKa (pyHKHiin u(x) HeBbipoacfleHa, to ^Jia npoH3BOJibHoro 
CHMMeTpaaecKoro a^pa k(x, s), aHajiHTaaecKoro Ha [0, l] 2 ^HCKpeTHbiii cneKTp onepaTopa 
U—K KOHeaeH. HanpHMep, b cjiyaae u(x) = x 2 ^Jia npoH3BOJiBHoro CHMMeTpnaHoro a^pa 
k(x,s), aHajiHTaaecKoro Ha [0, l] 2 b MO^ejiH OpH^paxca OTcyTCTByeT 3(p(peKT E(pHMOBa. 
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